Abstract: Transport properties in gases are significantly affected by temperature. In previous works it has been shown that when the thermal agitation in a gas is sufficient for relativistic effects to become relevant, heat dissipation is driven not solely by a temperature gradient but also by other vector forces. In the case of relativistic charged fluids, a heat flux is driven by an electrostatic field even in the single species case. The present work generalizes such result by considering also a magnetic field in an arbitrary reference frame. The corresponding constitutive equation is explicitly obtained showing that both electric and magnetic forces contribute to thermal dissipation. This result may lead to relevant effects in plasma dynamics.
Introduction
Linear irreversible thermodynamics predicts linear relations between dissipative fluxes and thermodynamic forces. These constitutive, or closure, equations feature relativistic cross-like effects when generalized to high temperature fluids [1] - [9] . In particular, it has been shown that a heat flux is driven by an external electrostatic field in a charged single component fluid. This corresponds to an electro-thermal effect in simple gases which is not present in the non-relativistic (low temperature) case, when the full Boltzmann equation is considered [9] . In the present paper such effect is generalized to the electromagnetic case considering an additional magnetic field and working in an arbitrary reference frame.
Boltzmann's equation has been applied by other authors to address both the single component charged gas and the mixture in both relativistic and non-relativistic scenarios. In particular, Spitzer established a heat flux depending on the electrostatic field for a monocomponent fluid by neglecting the time derivative term, assuming a steady-state situation [10, 11] . On the other hand, non-relativistic two component plasmas have been addressed widely in the literature where electro-thermal effects correspond to cross effects that rely on the system being a mixture [12] - [14] .
The relativistic case for mixtures was addressed by van Erkelens and van Leeuwen using the complete collision kernel [15] . In that work, and following the line of discussion of Ref. [16] , it is shown that using the force-flux representation there proposed, Onsager reciprocity relations are satisfied by choosing either the current or the energy (Landau) reference frames as local comoving frames. Within such assumptions, general analytical expressions for the transport coefficients are established and subsequently studied in Refs. [17, 18] . Hazeltine and Mahan developed a relativistic fluid theory for relativistic magnetized plasmas, firstly in a collisionless regime and generalized further for arbitrary collisionality, using fluid equations together with the moments method in order to establish current and momentum flows [19] - [21] . Also, Kremer and Patsko obtained expressions for the direct coefficients of thermal and electrical conductivities using Anderson and Witting's collisional model in the Landau frame [4] . Further work has also been performed in the framework of general relativity by Ahmedov and Ermamatov addressing both the electric and gravitomagnetic effects [5] .
Even though most laboratory and astrophysical plasmas are composed of multiple species, it is of theoretical importance to recognize the fact that as temperature increases, kinetic theory does not require the presence of more than one species in order to predict cross-like effects. In view of this fact, the formalism here presented focuses on the electrothermal effect for a single component charged relativistic gas. This dissipation source is additional to the cross effect found in the mixture of differently charged species and is here specifically analyzed. By using the relaxation approximation, it is possible to also obtain the corresponding transport coefficient as a function of the relativistic parameter z from which one can compare the effects of the three heat driving forces: temperature gradient, density gradient and electromagnetic field. The dissipation due to the electromagnetic field and the density gradient are additional to Fourier's heat conduction and can be relevant in non-neutral plasmas, such as electron beams [22] , laboratory single-charged fluids [23, 24] and astrophysical systems [25] .
In the following sections, the standard steps of the Chapman-Enskog method are carried out within Marle's relaxation approximation for a charged single species relativistic fluid. The electromagnetic field is here considered as a first-order quantity and the comoving frame is considered to be the one moving with the hydrodynamic velocity, corresponding to the so-called Eckart frame. Once the electromagnetic contribution to the non-equilibrium part of the distribution is established, the heat flux is calculated based on the expression in terms of the energy flux arising solely from the chaotic component of the velocities [26] . The result obtained consists on a general expression for the heat flux present in a simple fluid driven by an external electromagnetic field in an arbitrary reference frame.
The rest of the paper is divided as follows. Section 2 includes a brief description of the fundamental elements of relativistic kinetic theory and the calculation of the non-equilibrium part of the distribution function by introducing a simplified collision kernel in Boltzmann's equation. The heat flux is obtained in Section 3, where the explicit constitutive equation is shown and the corresponding transport coefficient is calculated. The explicit dependence of the heat flux on the electromagnetic force is also shown. Conclusions and final remarks are included in Section 4.
The electromagnetic contribution to f (1)
Relativistic molecular effects become relevant in gases when thermal agitation is such that the particle's chaotic velocities are close to the speed of light. The relativistic nature of the gas is measured through the relativistic parameter z = kT/mc 2 . When z ≳ 1, the thermal energy is comparable to the rest mass of the individual molecules and relativistic corrections to particle dynamics permeate, through statistical averages, to measurable corrections in state variables and their evolution equations.
From the kinetic theory point of view, the formal treatment of high temperature gases is based on the relativistic Boltzmann equation. For the case of a single charged relativistic fluid, such equation can be written as [2, 3] 
Here f is the relativistic distribution function which, as in the non-relativistic case, yields the occupation number of phase-space cells with volume d 3 xd 3 v. As long as the fluid is dilute and no intense gravitational fields are present, a flat Minkowski metric ' ,-(with a +++-signature) is appropriate where x , = r, ct and
being the Lorentz factor. Here and in the rest of the work the Einstein summation convention is used, with Greek indices running from 1 to 4 and Latin ones up to 3. Also, in eq. (1) the external force is expressed in terms of the electromagnetic field tensor F !-. For the system in hand, a simple charged gas in the presence of an electromagnetic field, the force acting on the molecules that appears in the second term of eq. (1) is calculated using the electromagnetic field tensor F ,-. Also, for the sake of simplicity, a relaxation time model will be introduced on the right-hand side of Boltzmann's equation by assuming that all details of collisions can be included in one parameter 4 such that
This simple model has been extensively used in order to assess the structure of the fluxes-forces relations for single component fluids. For a more precise value of the transport coefficients present in such relations, the use of the complete kernel is required. Introducing eq. (2) in eq. (1) together with Chapman-Enskog's hypothesis f = f (0) + f (1) where
is the local equilibrium solution [2] , leads to the expression [9] 
In eq. (3) U ! is the hydrodynamic velocity, n the particle density, c the speed of light and K n 1 z is the n-th order modified Bessel function of the second kind. Substituting eq. (3) in eq. (4) and introducing the following decomposition for an arbitrary reference frame
one obtains
where
is the specific heat. The spatial projector h ,-is given by
Notice that this projector corresponds to the hyperplane perpendicular to the hydrodynamic velocity and not to the magnetic field, which is an alternative choice of representation in order to separate directions for transport phenomena particularly convenient for the case of strongly magnetized plasmas [19] . In eq. (6), the proper time derivatives have been eliminated introducing Euler's equations (see for example Refs. [3, 9] ). Notice that the force term in eq. (6) will compete with the second term on the right-hand side of eq. (4). Thus, the deviation from equilibrium of the distribution function due to the electromagnetic field, which we call f
EM , is given by
Equation (8) is the main result of this section. It constitutes the generalization of the result obtained in Ref. [9] where a purely electrostatic field can drive a single charged gas out of equilibrium in a relativistic scenario and within the fluid's comoving frame. In the present work, the generalization is twofold in the sense that it includes a magnetic field and is consequently expressed in an arbitrary reference frame. This expression will be used in the next section in order to establish the heat flux due to this effect.
Calculation of the heat flux
As extensively discussed in Ref. [26] , heat is defined as the transport of internal energy arising from the chaotic motion of the molecules which is in principle a quantity characteristic of the comoving frame in which all mechanical effects are absent. It can be written in a covariant fashion as follows
γ is a Lorentz boost with velocity u and K -= γ (k) k, c is the chaotic velocity, measured by an observer comoving with the fluid's volume element. Also d * K is the invariant volume element in velocity space.
In order to calculate the contribution to the integral in eq. (9) arising from f
EM , the latter needs to be written in terms of the chaotic velocity. To accomplish such task, we use the invariant expression v " U " = -γ (k) c 2 and also write the molecular velocity as v , = L ,-K -. Introducing these substitutions in eq. (8) one obtains
Thus, the electromagnetic contribution to the heat flux is given by
where the integral I !γ is given by
Equation (11) is the main result of this work: the heat flux for a single component charged fluid in the special relativistic regime features a contribution due to the electromagnetic force qF ,-U -. This effect is purely relativistic and generalizes the result obtained in Ref. [9] where the particular case of a purely electrostatic field in a comoving frame was addressed. It is important to emphasize that the dissipative flux in eq. (11) is a tensor quantity. In order to assess the magnitude of the corresponding transport coefficient, the values for the integral I ab (z) need to be obtained. By simple integration one finds that the only non-vanishing integrals are
Also notice that the γ = ! = 4 term in eq. (11) vanishes since L ,4 ∝ U , and thus one can write
with a, b = 1, 2, 3. The non-relativistic thermal conductivity in the relaxation time approximation * NR = 5 2 nk 2 T 2 m 4 has been here introduced. The components of the heat flux in eq. (13) can be explicitly obtained in an arbitrary frame where U -= γ u u, c , which yields:
Notice that in the comoving frame where U -= 0, c and γ u = 1 one obtains the result for the electrostatic case analyzed in Ref. [9] . Also, for mild to low temperature gases in an arbitrary frame one has
showing that this effect is strictly relativistic and is an order of magnitude higher, in z, than the thermal conductivity. This scaling is equivalent to the one found for the number density gradient driven heat flux. Both effects vanish in the non-relativistic limit and the standard Fourier law is recovered.
Final remarks
This paper is devoted to the extension of the Benedicks-type effect recently identified in the context of special relativity for a single component gas to the electromagnetic case. The main result here obtained is the establishment of a relativistic contribution of the magnetic field to the heat flux for a single component plasma, that generalizes the previously obtained electrostatic effect [9] .
The inclusion of the magnetic field components in Faraday's field tensor when calculating f (1) is not a merely algebraic exercise. There are several physical features that must be highlighted. The fact that B appears explicitly in f (1) implies a non-zero contribution of the magnetic field to the entropy production present in a single component fluid. In contrast, in the non-relativistic case the magnetic field does not contribute to the entropy production at the Navier-Stokes level [27] . In that sense, it is worthwhile to point out that in this case, where a single component fluid is addressed, the particle and electrical current frames are equivalent and thus there is no ambiguity in defining the comoving reference frame within Marle's approximation. The role of magnetic effects in the entropy production for the relativistic mixture is addressed by van Erkelens et al. in Ref. [16] where the choice of reference frame seems to influence its general structure. An equivalent analysis for the system studied in the present paper can be found in Ref. [28] .
The results here obtained also imply that the hydrodynamic equations include new terms in which the field is now identified as a thermodynamic force. This is rather new, since the only dissipative effects related to magnetic fields previously identified at first order in the Knudsen parameter (for simple fluids) were those associated to the values of the viscosity coefficients [13, 14, 27] .
Magnetic fields are well known to be ubiquitous in the universe. Although the corresponding astrophysical mean free times are quite large compared to the ordinary scales, the characteristic times for most processes are such that dissipative effects must be taken into account [11] . It is in this type of scenarios in which irreversible thermodynamics becomes relevant. Future work will be devoted to the study of hydromagnetic instabilities including the effects presented in this work.
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